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1. Introduction 

During the investigation of quantum groups, V.Drinfel'd introduced the notion of Lie 
bialgebras [8] in 1983. Quantization of Lie algebras and bialgebras is an important way to 
produce new quantum groups. Quantizations by twists act basically for constructing new 
quantized enveloping algebras. A universal and functional quantization of Lie bialgebras was 
developed in [11,12] employing the Tannaka-Krein approach, from which a quantization of 
any finite dimensional Lie bialgebra defined over a field of characteristic zero (see [11]) was 
constructed. Although a general method for twisting both the product and coproduct of a 
bialgebra does not appear, it is possible to twist the corresponding coproduct in such a way 
that it remains compatible with its original multiplication, unit, and counit (see [18]). In 
this paper, we shall concentrate on the quantization being assort to the so-called Drinfel'd 

twist of the extended affine Lie algebra (EALA) shiCq), whose Lie bialgebra structures were 
determined in [25]. The EALA 3(2 (Cg) was first introduced in [19] in the sense of quasi- 
simple Lie algebras and systematically investigated in [2]. Since then, the representation and 
structure theory of such Lie algebras have been attentively studied (see [1,3-6,14-16,22,23] 
and the references therein). 

We now introduce the Lie algebra considered in this paper. Denote Z, Z*, C the sets 
of all integers, nonzero integers, complex numbers respectively. Let = (0, 0), Z = Z x Z, 
Z* = Z* X Z*. For any m = (mi, 7712) G Z, k = {ki^k2) G Z*, introduce the following 
elements of £ = s[2(Cg): 

d = En- = /ik = E22x''V\ 
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which form a basis of £ with the following relations: 

[em, em'] = [/m, /m'] = [d, h^] = [d, Qk] = [g^, hk'] = 0, 

[^k, em] = ^'''"''ek+m, [hk, em] = -g'''"''ek+m, [d, e^] = 2em, 

[/^k, /m] = g'^'^Vk+m, [9k, /m] = -g'^"'Vk+m, [d, /m] = -2/„ 
g'"^'"'l^7m+m'-g'"^"^V+m' if HI + mV 0, 

jf m + m' = 0, 

(gfefci _ gfcafci)^^^!^, if k + k' 7^ 0, 
if k + k' = 0, 

(gfefc'i _ g'=2fcl)/i^^^, if k + k' 7^ 0, 

if k + k' = 0. 



[em, fm 

[9k, 9k'] 
[hk, /ik' 



Then £ = ©m-Cm, where £0 = Ceo © C/o + Cd, iik = Cck © C/k © C^fk © C/ik- Introduce 
two degree derivations di and ^2 on £• 

[(ii, L] = miL, [d2, L] = for L G -Cm and [rfi, ^2] = [c^, c^i] = [d, ^2] = 0. 

Then we arrive at the EALA s[2(Cg) = £ © Cdi © C(i2 considered in this paper and denoted 
by £ for convenience. Also £, is Z-graded: £, = ©mez-^m with £k = -Ck k G Z* and 
£0 = £0 © C(ii © C(i2- Denote the universal enveloping algebra of the Lie algebra sl2(Cq) by 

For m = (mi, 7722), n = (721,77,2), i & 1^, introduce the following notations that will be 
referred to in the main theorem: 

i = 0,y = h,gj,e, 
I, i>0,y = h, 



It 



p=l 

i 

J~J gni(m2 + (p-l)n2) 
p=l 

gn2(mi + (p-l)?ii)^ 

p=l 



i>^,y = 9, 

i>0,y = f, 
i>0,y = e, 



a 



0, 




= e. 




m2n.i 




= ^, 


(1 - Et)'^''- 


»ni7i2 


2/ 


= h. 






„ n2mi+n.im2+nin2 

■^m y 

The main result of this paper can be formulated as the following theorem. 



Theorem 1.1. There exist some noncommutative and noncocommutative Hopf algebra struc- 
tures {U{sl2(Cq))[[t]], /i, r, A, e, S) on U{sl2{Cq))[[t]] over C [[t]], which preserve the product and 
the counit o/W(s(2(C,))[[t]], admitting the following corresponding coproducts and antipodes: 



(1) For T = 'Y^Xidi, E = gn with [T, E] = E and r = xinii + X2m2, y = e, f, g, h, i = 1, 2, 



A(2/m) = ® (1 - Ety + E ^T<^> ® (1 - Ety^y^+^J^, 

j=0 J- 

SiVm) = E , '"- (1 - Etry^^,^T<_^>t\ 

j=0 J- 

A{di) =di®l + l(^di- HiT (g) 1 + HiT (g) (1 - Ety^, 
A{d) =d^l + l^d, S{d) = -d, S{di) = -di + UiTEt. 



(2) For T = Y^Xidi, E = e^, with [T, E] = E and r = xirrii + X2m2, y = e, g, h, i = 1, 2, 

i=l 



A(/„ 



A{d) 
Siym) 



Sifn 



S{d) 



® (1 - Ety + l^y^ + ay^T ® (1 - Ety^e^+^t, 

'qm^mr^ ® (1 - Ety^h^+nt - q"''''^T ® (1 - Ety^g^+nt 
+U ® (1 - Ety + s^T<^> Ety^e^+2r.t\ m + n ^ 0, 

/_n Ety^ + 1 ® /_„ - q-^^^^T ® (1 - St)-irft 

^ _q^nin2rp<2> ^ (1 _ Ety^Et^, m + n = 0, 

d®l + l®d + 2T®(l- Ety^Et, 

di® 1 + 1® di-riiT ®l + niT ®{1 - Ety^, 

-(1 - + ay^(l - Etye^+nTit, 

qm^m^l _ Etyh^+^Tit - - Ety g^+^T^t 

-(1 - Etyf^ + - Etyem+2rjy>t\ m + n ^ 0, 



g -nin2(i _ Ety^ET<'^>t^ - (1 - Ety^yn 

^_q-nin2(^l -Ety^dTit, 
d + 2ETit, S{di) = -di + UiTEt. 



m + n = 0, 



(3) For T = ^d, E = and y = e, g, h, i = 1,2, 

^{ym) =ym®{l- Etfy'^' + l®ym + ayJT ®{1- Ety^e^+nt, 
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A(/n 



A{d) 

A(rf.) 

SiVm) 



Sifn 



S{d) 



'qmrp ® (1 - Et)-^h^+^t - q'^^^'^T ® (1 - Et)-^g^+J 

+ /m ® (1 - Ety^ + 1 ® /m - S™T<2> ® (1 - Etye^+2nt^ m + U 0, 
/_n ® (1 - ^t)-^ - g-^^'^iT ® (1 - 

+1 ® /_n - g-"i"27-<2> (1 _ EtyH"^, m + n = 0, 

rf®l + l®rf + 2r®(l- Ety^Et, 
di®l + l®di + niT(^{l- Ety^ - mT ® 1, 
-(1 - Etfy'^y^ + ttj^^e^+nTit, 

-(1 - ^t)-Vm + S^il - ^t)-^e^H.2nr<2>t2, m + 11 ^ 0, 



^-nin2(^^ _ Et)-^ET;^^>t^ - (1 - Ety^y^ 

^_g-ni"2(i _ Ety^dTit, 
-d + 2ETit, = -rfj + n^TEt. 



m + n = 0, 



For m = (mi,m2), n = (ni,n2), i & 1^, introduce the following notations that will be 
referred to in the following corollary: 



V 



ri, 

0, 



z = 0,y = h,g,f,e, 
i>0,y = 9, 



Y[ (^g"2(mi+(p-l)ni) _ ^ni (m2 + (p-l)n.2) ^ ^ i > 0,y = h, 
p=l 



J~J gn.i(m2+(p-l)n2) 
p=l 



;-i)^n?' 



".2(mi+(p-l)ni) 



i > 0,?/ = e, 
i > 0,1/ = /, 



p=i 







y 


= /, 




„min2 

g , 


y 


= 9, 






y 


= K 




Combining Theorem 1.1 and the following involution of s^iCq): 

r : Cm ^ /m, fl'n ^ ^n, d -H- — c?, di -H- di, Vm G Z, n G Z*, i = 1,2, 

we can immediately derive the following corollary, which presents other three quantizations 
of s'b(C^). 
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Corollary 1.2. There exist some noncommutative and noncocommutative Hopf algebra 
structures (W(s[2(Cq))[[t]], /i, r, A, e, S*) on W(s[2(C,))[[t]] 0ferC[[t]], which preserve the prod- 
uct and the counit of U{sl2(Cg))[[t]], admitting the following corresponding coproducts and 
antipodes: 

2 

(1) For T = E = h-a with [T, E] = E and r = xirrii + X2m2, y = e, f, h, g , i = 1, 2, 

A(2/m) = ym ® (1 - Ety + ^^T<^> ® (1 - Ety^y^^^J^, 

j=0 J! 

A(c?i) = ® 1 + 1 (g) - rijT (g) 1 + riiT (g) (1 - 

A((i) = d ® 1 + 1 ® rf, ^(rf) = -d, S{di) = -di + riiTEt. 

2 

(2) For T = E = /„, with [T, E] = E and r = Ximi + X2m2, y = f, g, h, i = 1, 2, 

i=l 

A{y^) = ym®{l- Ety + l(S)ym + Py^T ® {I - Et)-^f^+^t, 

'qm^rnr^ ® (1 - Et)'^g^+^t - q'^^^'^T ® (1 - Et)-^h^+J: 

+era ® (1 - Ety + 1 ® - S^T<2> ® (1 - E^)-Vm+2n^^ HI + 11 ^ 0, 

A(en,)= < 

e-n ® (1 - ^t)^^ + 1 ® + g-"2«iT ® (1 - 

^_g-"in2 2-<2> ^ _ ^^)-2^^2^ in + n = 0, 

A((i) = d(8)l + l®d-2T®(l- Ety^Et, 
A{di) = (g) 1 + 1 (g) - n^T (g) 1 + n^T (g) (1 - 
5(ym) = -(1 - Etyy^ + - Etyf^+^T,t, 



^-2n,(i _ Etyg^+J'^t - g™i"2(l - Etyh^+nT,t 

-(1 - Et)'-e^ + - Etyf^+2nT,<^''t^ m + n ^ 0, 



g-nma^^ _ Et)-^ETp>t'^ - (1 - ^t)"^e_„ 
+g-nm2(^l _ Ety^dTit, 



m + n = 0, 



S{d) =-d- 2ETit, S{di) = -di + nyPEt. 
(3) For T = ^d, E = f^ and y = f, g, h, i = 1, 2, 



^iVm) = ym ® (1 - Etfy-f + l®y^ + Py^T ® (1 - Ety^e^+^t, 



S{d) 



+e„ ® (1 - Et)-' + 1 ® e„ - s™T<2> ® (1 - Et)-2/m+2nt', m 
e_n ® (1 - ^t)"^ + g-'^^ni^- (1 _ 

+ 1 ® e_n - g-"i"22-<2> ^ (1 _ Et)"H^, 

d®l + l0d-2T®{l- Ety^Et, 

rfi ® 1 + 1 ® rfi + rijT O (1 - - UiT O 1, 

- Ety^g^+^T^t - - Et)-'T,hm+nt 

-(1 - ^t)-^e^ + - ^t)-Vm+2nT<2>t2, m + n ^ 0, 

^-nma^^ _ Et)-^ETp>e - (1 - Ety^f^n 

- Et)-MTit, m + n = 0, 



n^O, 



m + n = 0, 



Convention 1.3. If an undefined term appears in an expression, we always treat it as zero, 
e.g., go = ho = 0. 

Remark 1.4. (1) We have in fact exhausted all the possibilities of Drinfel'd twist quan- 
tizations based on the "usual" noncommutative 2-dimensional Lie subalgebras {T, E} of 

5(2 (Cg) up to scalar multiplications (the "usual" means that one of the two elements, i.e., 

T, is in the Cartan subalgebra of 5(2 (C,)). This is also the main reason why we present 6 
quantizations above. (We are currently engaging in an investigation of the Drinfel'd twist 
quantizations based on "unusual" choices of noncommutative 2-dimensional Lie subalgebras 

of s[2(Cq). However, it seems to us that heavy difficulties appear and that new techniques 
should be introduced during the process of such attempt.) 

(2) Although the Lie bialgebra structures on the affine Lie algebra (Cg) have not 
been determined yet, we may obtain two quantizations of the affine Lie algebras sl2(Cg) by 
restricting the third quantizations in Theorem 1.1 and Corollary 1.2 to sl2(Cq) by taking 

di = d2= 0. 

2. Definition and preliminary results 

We first recall some basic concepts and results based on a unital C -algebra For any 
element x G a G C, r G Z.)., set x^^^ = Xg x'^' = Xq \ where 

{x + a){x + a + 1) ■ ■ ■ {x + a + r — 1) , 



X 



<r> 



Xa 



(x + a){x + a — 1) ■ ■ ■ {x + a — r + 1] 
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For convenient, set = xL°' = 1. The following lemma can be found in [17] or [18]. 
Lemma 2.1. For any x G £^ , a,d & C and r, s,m & Zj^^, one has 

<r+s> _ <r> <s> ™[r-+s] _ Jr] [s] [r] _ <r> (r, i\ 

r+s=m 1^^-S\ y TYl J r\sl \ Tfl 

where the binomial coefficient 

d) 1 0, a < d. 

It is known that there is a natural Hopf algebra structure on the universal enveloping 
algebra of the Lie algebra s[2(C,), denoted by {UishiCq)), IJ^, t, Aq, 5*0, eg) with 

Then a deformation of W(s[2(Cg)) is a topologically free C [[t]] -algebra W(sl2(Cq))[[t]], i.e., it 
is an associative C-algebra of formal power series with coefficients in W(sl2(Cg)) such that 
W(s^^))[[t]]/tZ^(sb(C^))[[t]] = U{sh(Cq)). Naturally, W(s'b(C^))[[t]] is equiped with a Hopf al- 
gebra structure induced from W(s[2(Cg)). We also denote it by (W(s[2(Cg)))[[t]], yU, r, Aq, cq, Sq). 

Definition 2.2. Let [s^ , fi, r. A, S, e) be a Hopf algebra over a commutative ring. A Drinfel'd 
twist X on ^ is an invertible element of ^ ^ such that 

(X® l)(A®/d)(X) = (1®X)(1® A)(X), 
(e (g)Id){I) = l(g)l = {Id (g) e)(X). 

It is known that the Drinfel'd twists pay an important role in constructing a new Hopf 
algebra. We shall employ the following Lemma (see [8]) to complete the quantization of 

shi^q) (also see [7,21,24]). 

Lemma 2.3. Let [s^, r, Aq, eo. So) be a Hopf algebra over a commutative ring, X a Drin- 
feVd twist on . Then 

(1) u = fi{Id ® >S')(X) is invertible in ® with = fi{S ® Id){X). 

(2) The algebra {£/, fi, r. A, e, S) is a new Hopf algebra where 

A=XAoX"\ e = eo, S = uSou-\ (2.2) 



7 



For formal variable t, and c E C, T, E E s[2(Cg) with [T, E] = E, denote 

oo 

= E^r^^i*' ® = Kid ® 5o)(Xc), 

oo 
1=0 

The following lemma also holds according to the corresponding lemma in [7,21,24]. 
Lemma 2.4. 



oo 



:7'c=E^ri*^^'i\ Jc = E^^^-l^'i\ (2.3) 

Ao(rH) = g ""Vit ® ri'"-^ (2.4) 

XJ, = 1 ® (1 - Et)(^-'^), J-,J, = (1 - Et)-('=+'^). (2.5) 

/n particular, X^, Jc, i/c? ore invertible elements with = 1^, J^^ = J-c and Xq is a 
Drinfel'd twist o/ (W(s[2(Cg)))[[t]], r, Aq, eg, Sq). 

3. Proof of Theoreml.l (1) 

In this section, we take T = xi^i + X2C?2 for some Xi,X2 G C, n = (ni,n2) E Z and 

E = Qn such that [T, i?] = E. It is easy to see that xiUi +X2n2 = 1. For m = (mi, E Z, 
r = Xirrii + ^2^2, denote 

i 

^9 _ J-j- j^^n2(mi+(p-l)ni) _ ^ni(m2+(p-l)n2)^^ 

J. i i 

p=l p=l 

Lemma 3.1. The following identities hold in l4{sl2{Cq)) (where Im G -Cmj-' 

7 7^[«] _ 7^[«] / / 7^<i> _ rp<i>j /O 1\ 

= T^l^E, ET<'> = T<2iE, (3.2) 

fr.E^ = t{^^ 7{m^'"7m+.„, (3.3) 



e^E^ = E )7•m^'"*e^+^n, (3.4) 



g^E^ = Y.\ .H^E^-'9rn+^r.. (3-5) 



dE^ = E^d, h^E^ = E^h^, (3.6) 
diE^ = E^di + jmE^, d2E^ = E^d2 + jn2E^ . (3.7) 

Proof. Since [T, /m] = (ximi + X2m2)lm = rim, ['^i,-^'"'] = jriiE^ and [d2,E^ = jn2E^ , we 
obtain equations (3.1) and (3.7). Equation (3.2) is a special case of (3.1). Equations (3.6) 
are obtained by [d, E] = [h,E] = 0. 
Using induction on i, one has 

(adEYem = tl<l'''^"''^^'"'^'''^em+^n = (-l)^7r„.e^+,„, 
p=i 

(adEYfrn = (-l)^flg"^('"^+(^-'^"^Vm+.n = {-lylUfm+^n, 
p=l 

{adEygm = fl (^"^("^^+(^^-1)"^) - g"-("^^+(^-^)"^))^™+.„ = (-l)^7fm^?m+«„. 

p=i 

Then, we obtain the equations (3.3), (3.4), (3.5) as follows: 

UE' = E{-iy(^)E^^\adEy{U = t (%UE'-'U^in, 
e^E^ = ±{-iy(AE^-\adEy{em) = E 
9mE^ = ti-'^y(^)E'-\adEy{gm) = E 



□ 



Lemma 3.2. The following identities hold in W(sl2(C,)) (where Im G -Cmj-' 



(/m® l)/c = /c-r(/m®l), (3.8) 

(1 ® di)Ic = nih+i{T, ® Et) + ® rfi), (3.9) 

(1 ® d2)Ic = n2lc+i{Tc ® Et) + /,(1 ® da), (3.10) 

(1® V)/c = /c(l®/im), (l®rf)/, = Je(l®rf), (3.11) 
f 

(1 ® fm)Ic = E^^c+.(Tf > ® fm+^nf), (3.12) 



i=0 



(1 ® e„,)/e = E^^c+^(^f > ® em+^nt'), (3.13) 

i=o 



(1 ® ^7m)/c = E^^c+.(T<*> ® ^7mW). (3.14) 

i=0 
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Proof. For 1^ G -Cm, using formula (3.1), 



oo 1 



oo 1 

E-rT^^Slm ® = Ic-r{lm ® 1)- 



i=0 



Hence, we obtain equation (3.8). It is obvious that diE^ = + E^di = iniE^ + E'^di 

and (^2-^* = [(i2, -E'*] + E^d2 = m2-E'* + -E*(i2, which mean 

oo 1 oo 1 

(1 ® di)h = E^T<'> ® diEr = E^T<'> ® (^niE^ + E'di)f 

oo OO 1 

= E^^cT<;f ® E'+'f+' + /e(l ® Cil) 
i=0 

= niIc+i{Tc ® Et) + /c(l ® rfi), 

oo 1 oo 1 

(1 ® rf2)/c = ® rf2^*t* = E^T<'> ® (m2^' + ^'4)^ 

oo oo 1 

i=0 ^' i=0^' 

= E^^cT<;> ® i^^+H^+i + /,(i ® d2) 

= n2lc+l{Tc ® ^t) + /c(l ® C?2). 

Hence, we complete the proof of equations (3.9), (3.10) respectively. 

Since [h^.E] = [d,E] = 0, for all hm G Tim, equation (3.11) is obviously established. 
Using formula (2.1), (3.3), we obtain equations (3.12) as follows, 

oo 1 

(l®/m)/c = E-^Tc^'"^ ^ fmEY 
oo 1 i / 1 > 

0.1 



0^! j=0 \Jy 



oo oo 



oo 1 oo 1 

oo 1 

E-7L/c+,(r<^>®/m+,nt^). 
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Similarly, equations (3.13) and (3.14) are also tenable. Now, we complete the proof of this 
lemma. □ 

Lemma 3.3. The following identities hold in U{sl2{Cq)): 

diJc = Jcdi - niJcT^cEt, 
d2Jc = Jcd2 - n2JcT-cEt, 

oo f-lVo'^ 

f J — T r T'^:!>+i\ 

j=0 J! 

i=o 3- 
i=o 3- 

Proof. Using the formulae (2.1), (2.3), (3.1) and (3.6), we have 

oo ( — 1)* [i] i i °° ( — 1)* [j] i i 

hmJc = — ~< — h^T_^E^f = — n — T_^_j.h^E^f = Jc+rhm- 
Similarly, dJc = Jed. Since formulas (2.1), (2.3), (3.1) and (3.7), there are 

°° ( — lY n ■ • °° ( — lY n . . °o ( — lY n ... 

diJc = Y.-^diT^-cE'f = Y.-4^T^-cdiEH' = Y.—^T^-c{^niE' + E'd^Y 
i=o i=o ^! i=o 

= T.—T^T'^iE^d.f + E^^:^ '-T^iT^e^iE^+H^+' = Jed, - n^JeT.eEt, 

°° f — IV' n . • °° f — iV n . . °o ( — lY n ... 

^^2Jc = j:—r-d2T^iEr = J2^—-LT^:[d2Er = J2^—J-T^l{tn2E' + E'd2)f 

= E^2--l^^rf2t^ + gi^l^P^r5T_,„,i?^+lf+l = J,rf2 - n2JeT^eEt. 

The last three equations could be obtained by the formulas (2.1), (2.3) and formulas from 
(3.1) to (3.5). For symbol z/m = /m, Cm or g^, there is 

i=o i=o 

1=0 j=0\3/ 

oo oo 

~ -1 -1 /i.m-' -c-r-' -c-r-i-^ i/m+jn'' 

i=Oj=0 
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j=0 j=0 J- 

°° {—ly 

J=0 j! 



□ 



Proof of Theorem 1.1 (1). Using equations (2.2), (2.5) and all the lemmas above, for symbol 

Vm fmi 

or Qm, we obtain 
A(2/^) = IAo{y^)I-' = X{y^ ® 1 + 1 ® y^)I 



T/_,(2/„ ® 1) + J(^^/,(T<*> ® ./„,+.nf )) 



3/ 

= (1 ® (1 - i?t)^)(y^ ® 1) + ® (1 - Et)-'){T<'> ® 

OO ry^ 

= ® (1 - Et)'- + ^i!^T<*> ® (1 _ Et)-y^+,„f , 

i=0 

A(/im) = XAo(V)2:"^ = X(/im 1 + 1® /im)/ 

= XI_r{hm ® 1) + X/(l ® /in,) = /ini ® (1 " ^t)'' + 1 ® V, 

A(c?) = XAo(rf)X"^ = X(d O 1 + 1 O d)/ = d ® 1 + 1 (g) ci, 

A(c/i) = XAo(c/i)X^i = X(rfi ® 1 + 1 ® rfi)J 

= X/(rfi ® 1) + X{nih{T ® Et) + J(l ® rfi)) 

= rfi(g)l + l(g)di + riiT O (1 - Ety^Et 

= rfi(g)l + l(g)(ii- niT (g) 1 + niT 0(1- Et)~^, 

A{d2) = XAo(rf2)X^i = I{d2 ® 1 + 1 ® rfa)/ 

= X/(rf2 ® 1) + X(n2/i(T ® Et) + J(l ® ^2)) 

= ^2 ® 1 + 1 ® c?2 + n2r ® (1 - Ety^Et 

= rf2®l + l®c?2- n2T ® 1 + n2T ® (1 - Et)-^ 

In addition, we also obtain, 

j=0 J- 

5(/im) = Jso{hm)J = -Jh^J = -JJrh^ = -(1 - EtY"- h^, 

S{d) = Jso{d)J = -JdJ = -d, 
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S{di) = Jso{di)J = -JdiJ = -J{Jdi - mJTEt) = -di + riiTEt, 
S{d2) = Jso{d2)J = -Jd2J = -J{Jd2 - n2JTEt) = -^2 + risTEt. 



□ 



4. Proof of Theorem 1.1(2) 

In this section, we take T = Xidi + X2C?2 for some Xi,X2 G C, n = (rii,n2) G Z and 
E = Cn such that [T, E] = E. It is easy to see that xiUi + a;2r;,2 = 1. The expressions only 
referring to T in Section 3 are also tenable in this section, such as expressions (3.1), (3.2), 
(3.8). For m = (mi, 7712) G Z, r = Xirrii + X2'm2, denote 



Q 



m\n2+m2ni+n\n2 



Lemma 4.1. The following identities hold in U{sl2{'Cq)): 

CmE^ = E^Cm, dE^ = E^d + 2jE\ 

diE^ = E^di + jniE\ rfa^^' = EU2 + j^-z^^ 



-E^fm-2S^{' ]0~^e^+2r 



m + n ^ 0, 



EV-n-jg~"''''^^"^(i-2( 2 m + n = 0, 



g^E^ = E^g^+jq^'^'^'E^-'e^+r., 
h^E^ = E^h^-3q^^^^W-^e^+^ 



(4.1) 
(4.2) 

(4.3) 

(4.4) 
(4.5) 



Proof. Equations (4.1) and (4.2) are obtained by formulas [eni,-E'] = 0, [rf, i?] = 2E and 
[di, E^] = juiE^ , [(^2, E^] = jn2E^ respectively . 
By the definition, if m + n 7^ 0, there is 



{adEYif^) = {ade^Yif^ 



i = 0, 

y "-m+iu ' — -■-) 

i > 2, 



mi 712 „ 
y i/m+n 



.0, 



where = g™l'^2+m2ni+nin2 ^ Q_ rjj^^g^ 



/mi?^ = E(-irrV'"'(ac?^r(/m) 

i=o Vv 
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Similarly, there are 





i 


= 0, 




i 


= 1, 








i 


= 2, 


.0, 


i 


>2, 



and 



f-nE^ =E(-1)M E^-'iadEYil 



i=0 









1 


obtain 












'gm, 


i = 0, 


adEYigm) 


= {adenYigm) = 1 




2 = 1, 








2 > 2. 








= 0, 


adEYihm) 


= {adenY{hm) = < 




= 1, 








> 2. 



These mean 



j=0 



3 



i=0 



hraE^ = Y.{-^r[^]E'-\adEY{h^) = E^h^-jq^^^'E^-'e^^n 



Lemma 4.2. The following identities hold in W(sl2(Cg)) (where /m G -Cmj-' 

(/m®l)/c = /c-r(/m®l), 
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(1 ® d2)Ic = n2/c+i(T, ® Et) + 1,(1 ® rfs), (4.8) 
(l®e^)/, = ®e^), (4.9) 

'g"^"i/e+i(T, ® /i^+„t) - g-i"^/e+i(T, ® (7^+^^) 

+/c(l ® /m) - Sm/c+2(r<2> ® e„iH_2nt^), m + n ^ 0, 

(l®/m)/c=<j (4.10) 

/c(l®/-n)-g^"^"^/c+l(T,®rft) 

^-g-"i"2/c+2(T<2> ® Et^), m + n = 0, 

(1 ® ^7m)/c = /c(l ® ^7m) + g™^"^/c+l(re ® e^+„t), (4.11) 

(1 ® h^)h = /c(l ® /^m) - g™^"^/c+i(T, ® e^+nt), (4.12) 
(1 ® rf)/e = /c(l (S)d) + 2/e+i(T, ® Et). (4.13) 

Proof. Equations (4.6), (4.7) and (4.8) are similar as (3.8), (3.9) and (3.10) in Lemma 3.2. 
It is easy to obtain equation (4.9) by [em, E] = 0. 

Using formula (2.1), (4.3), we obtain equation (4.10) as follows, for m + n 7^ 0, 

00 1 00 1 

(1 ® /m)/c = Et7^<^> ® fmEY = Y.-Jf^ ® 

{E'U-zq"'^'E^-'g^+^+ ^g^^^^E*"^ V+n" 2s^(^^E'~^e^+2n)f 
00 1 00 1 

00 1 00 1 

= /c(l ® /m) - g"^'"^/c+l(T, ® ^7m+nt) + g"^'"^/c+l(Te ® /im+nt) 
-SmJc+2(r<2> ®em+2nt^)- 



Similarly 



00 1 

(l®/-n)/c=E^Tf>®/-ni^V 



00 1 / o \ 

ET7r<*> ® (E7_n - iq-'"''''E''^d - 2g-"2"i E*-^)^ 

00 1 00 1 

CXD 1 

/c(l ® /-n) - g^"^"^/c+i(T, ® rft) - g-"i"^/,+2(T<2> ® Ef). 
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Moreover, we also have 

oo 1 CO 1 

OO 1 OO 1 

OO 1 OO 1 

OO 1 OO 1 

= 7,(1 ® /i^) - g'"i'^2/,+i(T, ® e^+nt), 

OO 1 OO 1 



J,(l ® rf) + 2/,+i(T,® Et). 



Lemma 4.3. The following identities hold in W(sl2(Cg)); 



□ 



diJc = Jcdi — niJcT^cEt, (4-15) 

d2Jc = Jcd2 — n2JcT^cEt, (4.16) 

J J _ ^ +Jc+rfm — SmJc+r{Gm+2nT^-ct'^)y m + n 7^ 0, 

Jc^lf-n + g"^"^ Jc-l(rfTi„et) - g"^"^ Je-l^T<2>t2, m + n = 0, 

9mJc = Jc+r9m - g"^™' Jc+r (e^+nTl-ct) , (4. 18) 

hmJc = Jc+rhui + Q"'^^^ Jc+ri^m+nTl-ct) , (4.19) 

dJc = Jed - 2Je{ETi^et). (4.20) 
Proof. Using the formulas (2.3), (3.1) and (4.1), there is 

i=o i=o 
i=o 

Formulas (4.15) and (4.16) are the same as those presented in Lemma 3.3. For m ^ — n, 
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there is 

f J _ Y^(~~jO / rp[t\ rpi.i _ (~-^) rpji] f rpi.i 

= E^^-U(^7m- ^q"'''''E^~'9n.+n+ ^g™^"^i?'-'V+n- 2sJl)E^~'e^^2n)f 

i=0 V^/ 

't=0 i=0 ^! 

Furthermore, there is 



oo 



i=0 ^' 1=0 ^' 

_^-nin2 ^ I -^J yb+2|^i+l^i+2 

Thus, we obtain (4.17). Equations (4.18) to (4.20) could be obtained by the formulas (2.1), 
(2.3) and formulas (4.1), (4.4) and (4.5), 

OO )i 

= E—r-T^l-riE'gr. + 2g™="^i?'-^e^+„)f 



i=0 



I 



i=0 ^' 't=0 
'-'c+ri/m y •-'c+r'^m+n-' 1— c''! 

oo y 

= E^^7^-U(^^^m - tq"'''''E'-'e^+^)f 
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7' Ti _|_ ^'^i'^2 7 p T. i 



i=o i=o i=o 



oo f—iv* r., OO ('_iyi+i 
= f^^-^T^E'df + — r^b+l]^i+l^^+l ^ J J _ 2j^ETi_,t. 

□ 

Proof of Theorem 1.1 (2). Using equations (2.2), (2.5) and the lemmas from Lemma 4.1 to 
Lemma 4.3, for m G Z, there are, 

A(eni) = XAo(em)X"^ = X{e^ + e^)! = TI^r{em ® 1) + X/(l ® e^) 
= Cm ® (1 - ^t)*" + 1 ® e^. 

A(^^) = JAo(^m)X'^ = X(^n, ® 1 + 1 ® ^„,)/ 

= Il^rigm ® 1) + X(/(l ® g^) + g"^^"^ Ji(T ® e^+nt)) 
= gm(S)il- Ety + l®gra + q'^^'^'T ® (1 - Ety^e^+^t, 

A{h^) = XAo(/im)X"^ = I{h^ ® 1 + 1 ® /im)/ 

= X/_,( V ® 1) + X(/(l ® /i^) - g'"^"^/i(T ® e^+„t)) 
= V ® (1 - ^t)' + l®h^- g'^'i'^^T ® (1 - ^t)-^e^+nt, 
A((i) = XAo(rf)X^i = X(d ® 1 + 1 ® d)/ 

= XJ(c/ ® 1) +X(/(1 ® c/) + 2/i(r ® Et)) 

= rf®i + i®rf + 2r®(i- Ety^Et, 

A{di) = XAo(rfi)X~^ = X{di ® 1 + 1 ® di)I 

= XI{di ® 1) +X(ni/i(T® Et) +/(1 ®rfi)) 

= di®l + l®di- riiT O 1 + riiT O (1 - ^t)"\ 
A(c/2) = XAo(rf2)X^^ = I{d2 1 + 1® d^)! 

= XI{d2 ® 1) + X{n2h{T Et) + J(l ® c/2)) 

= d2®l + l®4- O 1 + ra2T O (1 - ^t)~\ 
S{em) = JsQ{em)J = -JemJ = -JJr{em) = -(1 - Ety Cm, 

S{gm) = JSo{gm)J = -J{9m)J = -J{Jr9m - g*"^" V, (e^+^Tit) ) 

= -(1 - Etyg^ + q^'^^yi - Etye^+^T^t, 
S{h^) = Jsoih^)J = ~J{h^)J = -J{Jrh^ + g"^^"V,(e^+„Tit)) 
= _(1 _ Etyh^ - q^-^-{\ - Etye^+^T^t, 
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S{d) = Jso{d)J = -JdJ = -J{Jd - 2J{ETit)) = -d + 2ETit, 
S{di) = Jso{di)J = -JdiJ = -J{Jdi - riiJTEt) = -di + uiTEt, 
S{d2) = Jsoid2)J = -Jd2J = -J{Jd2 - n2JTEt) = -da + naTEt. 

Moreover, the following equations are also necessary to the theorem, where m + n 7^ 0, 
A(/^) = lAoiU^-' = ® 1 + 1 ® /„.)/ 

= Il-rifm ® 1) + ® U - g'"^"^X/i(T ® 

+q"''^^Ih{T ® h^^nt) - s^X/2(r<2> ® e^+2nt^) 
= U®{1- Ety + l®fm- q^'^^'T ® (1 - Ety^g^+^t 

^qm^n.j. ^ ^1 _ Et)-'h^+^t - s^T<2> ® (1 - Et)-'e^+2nt\ 

A(/_„) = XAo(/_n)X-l = X(/_n ® 1 + 1 ® /_„)/ 

= X/i(/„„ ® 1) +X(J(1 ® - g-"2"iJi(T ® rft) - g-"i"2J2(r<2> ® Et^)) 

= /-n ® (1 - ^t)^' + 1 ® /-n - g-"2"^r ® (1 - 
_q~mn2rp<2> ^ _ Et)-^Et\ 

Sifm) =JSo{UJ=-JUJ 

= - Etyh^+^T.t - - Etf g^^^T.t 

-(1 - Et)Vm + - EtYe^+2nT<'^t\ 

S{f-n) = JSo{f-n)J=-Jf^nJ 

= -J{J-if-n + q''''''U.i{dTit) - g-"^"V_iET<2>t2) 

= -(1 - Ety^f^n - - Ety^dTit + - Ety^ET<^>t^. 

□ 

5. Proof of Theoreml.l (3) 

In this section, we take T = ^d and E = e-a for n = (71.1,722) G Z such that \T,E] = E. 
The expressions only referring to E in Section 4 are also tenable in this section, such as 
expressions from (4.7) to (4.13) in Lemma 4.2. For m = (7721,7722) G Z, r = XiTTIi + X2m2, 
denote 

„ n2mi+nim2+nin2 

"'m q 

Lemma 5.1. The following identities hold in U{sl2{Cq)): 

T^W _ T^H rp<.i>_rp<i> 
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(5.2) 
(5.3) 
(5.4) 
(5.5) 
(5.6) 
(5.7) 



Proof. Since [T, Cm] = e^, [T, /m] = -/m, [T, Qm] = [T, hy^] = [T, d] = [T, di] = [T, ^2] = 0, 
we obtain equations from (5.1) to (5.7). □ 



f T^W 


_ T^m f 


Jm-l-c 


rn<i> r 

~ -'c+l imi 


i/m-' c 


— -l-c (/m; 


a T<*> 


c i/m) 




- T^'^h 




= T<*>/l 




= Tf^d, 


(ir<*> = 


Tf>d, 








= Tf>dr, 


d^^ 


= Tfd,, 


d2T<'> -- 


= T<'>d2. 



Lemma 5.2. T/ie following identities hold in U^shi'Cq)) : 

(em ® l)/c = /c-i(em ® 1), 

(/mCg)l)/c = /c+l(/m®l), 
(fi-m ® l)/c = /c(5'm ® 1), 
(/im® l)/c = /c(V®l), 
(rf® l)/c = /c(c/® 1), 
(rfi ® l)Je = /c(rfl ® 1), 

{d2 ® l)Ic = IM2 ® 1). 

Proof. The equation (5.8) can be obtained as following by equation (5.1), 

00 1 00 1 

(em ® l)Ic = E^emT<*> ® EH' = E^T<_!>e^ ® EY = h.i{e^ ® 1). 

By the similar method, we obtain equations from (5.9) to (5.14). 
Lemma 5.3. The following identities hold in U{sl2{Cq)): 

diJc = Jcdi - niJcT^cEt, 
d2Jc = Jcd2 - n2JcT-cEt, 



(5.8) 
(5.9) 
(5.10) 
(5.11) 
(5.12) 
(5.13) 
(5.14) 



fmJc 



m + n 7^ 0, 



□ 

(5.15) 
(5.16) 
(5.17) 

(5.18) 



. Jc-l/-n + g-"^"V,„i(dTi„et) - g-"^"Ve-l^T<2>t2, m + n = 0, 
g^Jc = Jc9m - g"^"^Ve(em+„Ti_,t), (5.19) 
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h^Jc = Jchm + g"^™Ve(e„,+nTi_,t), (5.20) 
dJ^ = J J - 2J^{ETi_^t). (5.21) 

Proof. Using the formula (2.3), (4.1) and (5.1), we have 

°° ( — lY r-i • ■ °° ( — lY r-i . . ( — lY n 

i=o ^! 1=0 i=o 

Formulas (5.16) and (5.17) are the same as those presented in Lemma 3.3. For m ^ — n, 
there is 

°° ( — lY fi • • ~ f — iV r-i ■ • 

oo oo ('_lV+2 ^. ^, 

+5 7. J_c+i-C/ ftm+nl " SmZ^ Tj -c+l-^^ 6m+2nt 

i=0 i=0 

= Jc-lfm + Q''^^"'^</c-l(fi'm+n7'l_c^) " Q'™'^"^ </c-l (^m+n7'l_ci) " Jc_i (eni+2n7\'l^c^t^) . 

Furthermore, there is 

°° ( — lY fi . . °° f — iV r-i • • 

= E^r"rS+i(^7-n - iq-'^^'^'E'-^d - 2g-'^2"^ Qe^"^)*' 

oo f—iy oo 

oo V+2 
_g-nin2 ^ I -^J y[i+2]^j7ii+l^t+2 

Thus, we obtain (5.18). Equations (5.19) to (5.21) could be obtained by the formulas (2.1), 
(2.3) and formulas from (5.3) to (5.5), 

°° (-lY r-i ■ • °° (-lY fi • • 

i=o i=o ^! 
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— In — rr"^2ni 7 „ i 

i=0 i=0 
°° ( — 1 V r-i 

i=o 

oo ( — r., OO ('_lVi+l 

— T h 4- rr^i^a J p T, f 
<-'c"'m T y '-'c'^m+n-' 1— c''5 

oo f—iy r., oo ('_iyi+i 

= y^^—^Tl\E'df + 2 — Tl'+'^E'+if +1 = J,ci - 2J,ETi_,t. 

i=o i=o 



□ 



Proof of Theorem 1.1(3). Using equations (2.2), (2.5) and all the lemmas above on this 
section, we obtain, for m + n 7^ 0, 

A(/^) = XAo(/™)X-^ = X(/™ ® 1 + 1 ® /m)/ 

= Th{fm ® 1) + X/(l ® /^) - q^'^^^Xh{T ® g^+^t) 

= ® (1 - Et)-i + 1 ® /m - ® (1 - Ety'g^^nt 

+^m2n,y ® (1 - Et)-^h^+^t - SmT<^> ® (1 - Et)-^em+2nt\ 

A(/_„) = XAo(/_n)X-i = X(/_„ ® 1 + 1 ® /_„)/ 
= X/i(/_n ® 1) - q-''''''Ih{T ® rft) 

+X/(1 ® /_„) - q-'^^^^Xh{T<^> ® Ef) 

= /_„ ® (1 - Et)-1 - g-^^'^iT ® (1 - Et)-^dt 
+ 1 ® /-n - g-"i"22-<2> ® (1 - Et)-V, 
^(/m) =:^S0(/m)J=-J/mJ 

= g'"^"^ JJ-i(/i„.+nTit) - q'''''''JJ-iiT^g^+nt) 

— J J-lfm + SmiT" </-l(em+2nX]^^^^^) 

= g"^^"^! - Et)-^h^^^T,t - q^^'^^il - Ety'T^g^^^t 
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-(1 - Et)-'U + Sm(l - Et)-'e^+2nT<^^t\ 

S{f^n) = JSo{f-n)J=-Jf^nJ 

= -(1 - Ety^f^n - - Ety^dTit + - Ety^ET< 

is more, for any m G Z, we also obtain, 

A(e^) = XAo(e„)X^i = X(e^ ® 1 + 1 ® e^)I 

= X/_i(e„,® 1) +X/(1 ® e^) 

= Cm ® (1 - ^t) + 1 ® e^, 
A((7^) = XAo{g^)I-^ = X{g^ ® 1 + 1 ® ^7^)/ 

= XI{g^ X(/(l ® g^) + q^^^^hiT ® e^+^t)) 

= (?m ® 1 + 1 ® (7m + g'^'^^T ® (1 - Ety^e^+nt, 
A{h^) = XAo{h^)I'^ = X{h^ ® 1 + 1 ® h^)I 

= X/o( V ® 1) + ® V) - g™^"Vi(T ® e^+„t)) 

= /in, ® 1 + 1 ® /im - g'"!"^^- ^ (1 _ Et)-len,+nt, 

A{d) = XAo(rf)X"^ = X(d ® 1 + 1 ® d)/ 

= XJ(rf ® 1) +X(J(1 ® rf) + 2Ji(T ® Et)) 
= rf®l + l®d + 2T®(l- Ety^Et, 

A{di) = XAo{di)X-^ = X{di 1 + 1 ® rfi)/ 

= XI{di ® 1) + X{nih{T ® Et) + /(I ® rfi)) 

= rfi (g) 1 + 1 (g) rfi + niT ® (1 - Et)"^ - niT ® 1, 

A(rf2) = XAo(rf2)X-' = X{d2 + d2)I 

= XI{d2 ® 1) + X{n2h{T ® Et) + /(I ® 4)) 

= (i2®l + l®rf2 + n2T (8 (1 - Et)"^ - r22T ® 1. 

5'(em) = Jso{e^)J = -Je^J = -JJie^ = -(1 - Et)e^, 

S{gm) = JSo{9m)J = -J9mJ = -J{J9m " g™^"^ J(em+nTit) ) 

5(d) = Jso{d)J = -JdJ = -J{Jd - 2J{ETit)) = -d + 2ETit, 
S{di) = Jso{di)J = -JdiJ = -J{Jdi - niJTEt) = -di + n^TEt, 
S{d2) = Jso{d2)J = -Jd2J = -J{Jd2 - n2JTEt) = -^2 + n2TEt. 
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